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Abstract

An integral model is presented for predicting the evaporation rate from a single component
liquid layer exposed to wind. This approach simplifies the solution of the convection—diffusion
equation by averaging over the height of the concentration boundary-layer thickness. The model is
valid for hydraulically smooth as well as rough surfaces and yields results which are in good
agreement with those obtained by mathematically more rigorous methods. The new integral model
is conceptually simpler and provides an explicit estimate of the concentration boundary-layer
thickness. It allows a compact analytic solution for the evaporation rate with emphasis on the

Abbreviations: A, Area, eg., area of a pool Ay; b, Width of the pool; c, Concentration; c;, Friction
coefficient; c,, Specific heat; c;, Concentration at the saturation point; c;, Specific heat of the pool; D,
(Molecular) diffusion coefficient; E(x), Mass-flow density flux of the evaporating fluid; E (x), Mass-flow
density flux of the evaporating fluid for high vapour pressure; E.(x), Heat-flow density flux from the wind to
the evaporating fluid; E, Mass-flow rate, averaged over the pool area; E’, Dimensionless mass-flow density
flux of the evaporating fluid E' = E/(c.u,); E, Dimensionless, area averaged mass-flow rate of the
evaporating fluid E' = E/(c.u,); k,, Heat-transfer coefficient; k,,, Masstransfer coefficient; K, Eddy
viscosity; K’', Eddy diffusivity; L, Length, e.g., length of the pool in streamwise direction; L', Dimensionless
length of the pool L' =L /z,; m, Mass of the pool; p, Pressure; e.g., vapour pressure p,; ¢, Heat-flow
density flux; ¢, Heat-flow density flux through radiation; r., Latent heat of vaporisation; Re, Reynolds
number; Sc, (molecular) Schmidt number; St, Stanton number; St,,, Stanton number for mass transfer; T,
Temperature; T,, Temperature at the saturation point; T, Temperature of the ambient; u, Velocity of the
windfield; u;, Velocity at the reference height z;; u,, Friction velocity; x, Coordinate in streamwise
direction; X', Dimensionless coordinate in streamwise direction X' = x / z,; z, Coordinate normal to the liquid
surface or pool; Z, Dimensionless coordinate normal to the liquid surface or pool Z = z/z;; z,, Reference
height; z,, Roughness length; z,,, Vapour roughness length; Greek letters: 8, Empirica function in the
concentration profile Eq. (7); v, y =(o /knB)A 2/ M ' T =(8, /z)*" 2", &, Thickness of the velocity
boundary layer; &, Thickness of the concentration boundary layer; «, von Karman constant; w, Dynamic
viscosity; v, Kinematic viscosity; p, Density; o, Turbulent Schmidt number; 7, Shear stress
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diffusion process in the laminar sublayer, accounted for by means of empirical wall functions.
© 1998 Elsevier Science B.V.
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1. Introduction

Evaporation processes are frequently encountered in our natural environment [1] but
they are also of interest in many technical applications, e.g. in the process industry.
Analyses of hazards related to loss prevention also require accurate prediction of
evaporation rates. The main objective herein will be the derivation of compact analytical
expressions for predicting the evaporation rates, in view of the needs of the loss
prevention analyst to produce quick but reliable estimates.

Past investigations of the evaporation phenomena in the free atmosphere include
Webber and Brighton [2] and Boke and Hartwig [3]. In confined environments (e.g.
tunnels), new problems occur, as discussed by Wren et al. [4].

The problem considered herein will be evaporation from wet surfaces, from pools or
spills exposed to an airflow or the atmospheric wind. For volatile fluids with high
vapour pressure, the evaporation rate will be high and the pool can cool down
considerably unless it is deep. In this case, heat transfer from the ground can be
important. For pools consisting of more than one component, concentration gradients
can be important [5]. Here, only single-component pools will be considered.

1.1. General outline of the present contribution

The present study will be restricted to the problem of pool evaporation in the wind
field of a neutral atmosphere. The problem will be two-dimensiona with an evaporating
surface of finite length in the flow direction but of infinite extent transverse to the flow
(see Fig. D).

In a general overview (Section 2.1), the two representative models of Sutton [6] and
Brighton [7] for solving the convection—diffusion equation will be presented. The
underlying assumptions and simplifications will be discussed, in particular, the improve-
ments of Brighton’s model with respect to that of Sutton.
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Fig. 1. Concentration boundary layer above aliquid pool in the wind.
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In subsequent sections, the integral methods, familiar to engineers interested in mass
and heat transfer, following the lead of von Karman or Pohlhausen, are presented. Here,
the equations are satisfied only by averaging over the thickness of the concentration
boundary layer [8]. In order to demonstrate the main features of the integral method, the
integral formulation and the corresponding solution of Sutton’s model will be compared,
using the same physical assumptions as in the origina model of Sutton.

A new method, based on the same physical assumptions as used in the method of
Brighton [7], will be presented in Section 2.3. It is conceptually simpler and more
intuitive than the method of Brighton and makes use of the concept of boundary-layer
integral methods. Asin similar applications in the past, it will be demonstrated that the
method offers good accuracy with little computational effort. The simple analytic
expressions for the mass-flow rate of the evaporating fluid will be useful for safety
studies. The present method allows also an explicit but approximate solution for the
thickness of the concentration boundary layer not derived in the mathematically more
rigorous approaches of Sutton or Brighton. The power profiles, approximating the
logarithmic velocity distribution, will be improved based on the analytic estimate of the
concentration boundary-layer thickness.

2. Evaporation from liquid surface layers and pools

Fluids, with boiling points well above the ambient temperature, are in a liquid state
under standard conditions (e.g. water, diesel fuel, etc.) and their evaporation rates are
small due to their small vapour pressures. The evaporation rate and how it changes with
time is controlled by a mass-transfer process.

2.1. General overview

The solution of Sutton [6] as well as that of Brighton [7] of the convection—diffusion
problem will be presented in this section. The improvements of the approach of Brighton
with respect to that of Sutton will be outlined. The physical basis of both models will be
described as it is used aso in the formulation of the integral model proposed herein.

The concentration field above an evaporating pool can be described by means of a
convection—diffusion equation. When simplified using the boundary-layer approxima-
tion, it takes the form [9]:

ac a K’ ac 1

u(2) o =55 | K (D5 (1

In what follows, a rectangular pool of unit width (b=1) and of length L in the

direction of the wind is considered. The gradients of velocity vanish in the flow
direction because the wind field is fully developed: du/dx = 0.

The solution given by Sutton [6] will be discussed first. The velocity field is

approximated by means of a power law: u = u,(z/z)", where u, represents the velocity

at a reference height z,. Sutton presented his solution for a general exponent n, but
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specified n=1/7 for neutral atmospheric boundary layers. A justification for this value
of the exponent is given, e.g. by Schlichting [8]. The exponent n=1/7 is hereby
derived from the resistance formula of Blasius for fully developed turbulent pipe flow.
Thisis the same value used for flat plate flows [8]. Due to the similarity of the turbulent
flow in a pipe and over aflat plate, the same power law is used for the velocity profiles
in both cases [8].

The mass-flow rate of the evaporating liquid E= —K'dc/dz depends on the eddy
diffusivity K’ describing the concentration field. The eddy diffusivity K’ is proportional
to the eddy viscosity K, i.e. K'=(1/0)K, with the turbulent Schmidt number denoted
g.

Sutton used von Karman's formulation of the eddy viscosity with mixing length | =
K ;Sﬁ/%ﬂ Applying the ‘statistical theory method’, outlined in [6], Sutton obtained for
the eddy viscosity:

K = 0.1386 1%/ 4u¥/ 28/ 77, 3/%8, (2)

with n=1/7 in the power law for the velocity field.
The shear stress 7 is accordingly:

T vy \V4

—= 0.020(—) uz,

p U 2

when von Karman constant « = 0.40 and a turbulent Schmidt number o= 1 are used
[6].

The classical value of the coefficient from Prandtl /Blasius is 0.0225 for hydrauli-
cally smooth surfaces, remembered here for comparison [6,8]. The solution of Sutton is
based on the method of singularities, and the rectangular pool is modeled by superposi-
tion of line sources of infinite length transverse to the wind. For the area—averaged
mass—flow rate of the evaporating substance, Sutton [6] obtained:

E = 0.0277c,Re; 2/°2/%u, L~ V/9, (3)

where c, is the vapour concentration for saturated vapour and Re, = u;z,/v. The
frequent use of Sutton’s model is due mainly to the compact analytic expression of E.

Some weak points of the model have been pointed out by Brighton [7]. One objection
is that the turbulent mass transfer is not linked to the molecular diffusion process, which
plays a major role in the laminar sublayer close to the evaporating surface. Moreover, E
is not formulated in dimensionless form with respect to the relevant similarity parame-
ters Re and Sc. Finally, parameters, such as the friction velocity u, and the roughness
length z,, that define the inner structure of the boundary layer, are not taken into
account. As an improvement, Brighton makes use of the logarithmic velocity distribu-
tion, defined by u, and z,, for the neutral boundary layer:

u(z)=£|n(i). (4)

K z,
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corresponding to a linear eddy-viscosity profile K= ku, z (see Ref. [10] or [8]). The
logarithmic velocity distribution Eqg. (4) is not well suited for an analytic solution of Eq.
(1) and it is approximated by means of a power law:

u=u1(i)n. (5)

Z

Formally, this is the same as that used by Sutton, but in order to obtain an optimal
approximation in the concentration boundary layer, the reference height z, should be
related now to the thickness of the concentration boundary layer. Therefore, equality of
the velocity u and of the gradient du/dz is required at location z, for both profiles
Egs. (4) and (5). Then u, and n can be derived in a subsequent step. An estimate of z;
is given by the theory of line sources [10].

Brighton used a linear eddy-diffusivity profile K' =K/o = ku, z/0, yielding the
logarithmic velocity distribution Eq. (4). By substituting K’ and the velocity distribution
Eqg. (5) into the convection—diffusion Eq. (1), he obtained the following linear differen-
tia eguation:

z\"oc 9 [ku,zac 6
“Wo ) ox Tz e a2l ©
Brighton solved this equation by means of Laplace transforms. He matched the
concentration profile, obtained by solving Eq. (6), to a wall profile that introduces the
effects of molecular diffusivity in a small region close to the liquid surface. By using a
linear eddy-diffusivity profile (see, e.g. Ref. [10]) E= —K’dc/dz= —(K /o )dc/dz=
—(Ku, z/0)dc/dz can be integrated to obtain such a wall profile:

c E [o z
—=1- —In| —
C. C.U, K 4

S ST x 0

+B]. (7

The term B can be considered as an integration constant and accounts for molecular
diffusion processes in the laminar sublayer. 8 stems from empirical correlations and has
different forms depending on the properties of the surface. This can be either hydrody-
namically smooth or rough. An overview of the different forms of B, including a
discussion of the physical background, is given by Brutsaert [1]. A ‘heuristic’ represen-
tation of the two-layer model for the velocity and the concentration field, with
definitions used in the present work, is given in Appendix A.

Brighton [7] takes for the hydrodynamically rough surfaces:

u, z,

B =7.3ReY/* Sc/? — 50 whereRe, = ,
14

and for the hydrodynamically smooth surfaces:
(oa (oa

B =(3.8553 - 1.3)° + — In(Sc) + — In(0.135).
K K

The profile given by Eq. (7) is universal in the vicinity of the wall (for Schmidt
numbers larger than 0.5). It includes the molecular diffusion process in the laminar
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sublayer and the turbulent diffusion described by K'. In the following, it will be denoted
the ‘wall profile’ in accord with Brighton [7].

The effective roughness for hydrodynamically smooth surfaces is z,=0.13 v/u,;
whereas only crude estimates are available for hydrodynamically rough surfaces (cf.
Brutsaert [1]). The integrals occurring in the algorithm of Brighton can be solved by
means of developments in series of the appropriate variables in the transformed space.
The results of this mathematically rigorous integration of the convection—diffusion
equation will be used for comparison with the results of the approximate integral
approach, which is developed in the present contribution.

2.2. General features of the integral procedures

This section deals with the integral approach of the convection—diffusion equation.
Integral methods, in general, are approximate methods where the boundary-layer
equations are satisfied only on an average extended over the thickness of the boundary
layer. These methods, which can be attributed to von Karman and Pohlhausen, are well
documented in Schlichting [8]. Techniques for approximating the profiles in a velocity
or concentration boundary layer are addressed and their limitations are discussed in this
reference.

On integrating Eq. (1) over the height §, one obtains:

5 0 ac %
f —(uw)dz=|K'—
0o 0X 0z 0

Because the diffusive transport is much larger at the liquid surface than at the outer
edge 8, of the concentration boundary layer, whose thickness increases continuously,
one obtains for the RHS of Eq. (8a):

K ac

72=0 o 0Z

= E(x). (8a)

,BC
E(X)= —K a_Z

. (8b)
z=0

The concentration vanishes at the outer edge 6, of the concentration boundary layer,
i.e, c(8)=c,=0(orincaseof c,#0: c'(5,) =0 where ¢ =c—c,). Such approxi-
mate formulations of the boundary conditions are normally used in the integral approach
in boundary-layer theory [8]. With c(§,) = 0, the differentia operator can be put in front
of the integral to obtain;

d
afj(uc)dz:E( x). (9)

The integration of Eq. (9) over the length L of the pool gives a mass-flow rate per
unit width, which is averaged over the length of the pool:

E=%fOLE( x)dx=%f05°(L)(uc)dz. (10)

Fig. 1 allows a straightforward interpretation of this formula: Eq. (10) represents the
convective mass-flow rate through the vertical plane at location x= L.
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2.2.1. Integral formulation and the corresponding solution of Sutton’s model

The integration of the height—averaged differential equation for the convection-diffu-
sion problem, Eq. (9), is the main objective of this section. Agreement between the
integral approach and Sutton’s work will be demonstrated. Basic assumptions related to
the physics of Sutton’s model, as discussed in Section 2.1, are therefore also used in the
present integral formulation. The eddy viscosity Eq. (2), used by Sutton, is introduced in
Eqg. (9). In the integral approach, the profile for the velocity u is approximated using the
power law of Eq. (5) already used by Sutton. The one-seventh power law for the
velocity profile suggests also the form of the concentration profile, which fulfils the
following boundary conditions at the surface and at the outer edge, i.e., c(z=0) = c,,
resp. c(z=5,) =0:

c=csll—(6£)l/7l. (11)

C

The thickness of the concentration boundary layer, that can vary in the streamwise
direction, i.e., §, = 6,(x), is still unknown. Here, similarity concepts in boundary-layer
theory are used by choosing profiles where the ratio (z/8,) (with §,= §.(x)) can be
considered as a similarity variable n. Eg. (11) is only an approximation of the real
concentration profile in the concentration boundary layer up to the upper boundary
z= §,. The good agreement of the area—averaged mass—flow rate with Sutton’s result
demonstrates the validity of the profile approximation, in particular the choice of the
one-seventh power in Eq. (11). For a documentation of the integral approach, including
a discussion of different assumptions for the boundary-layer profiles, it is referred to
Ref. [8].

The mass-flow density flux E(x), i.e. Eq. (8b), can be obtained with the help of the
eddy viscosity, Eq. (2), and the concentration profile, Eq. (11):

E(x) =0.0200 *c,p¥/4ud/ 4z 3/ %8 /7, (12)
where E(x) does not depend on z

With the profile assumptions Egs. (5) and (11), the integral on the LHS of Eq. (9) can
be evaluated. Substituting E(x) from Eq. (12) in the RHS of Eq. (9), a differential
equation for the unknown concentration boundary-layer thickness §,(x) is obtained. The
solution is:

7 7 1 7 7
8.(x) =0.3180" 5U; 36 236 ¥ 36X 3. (13)

With this result, the mass-flow density flux E(x), Eg. (12), is aso known. The

integral in Eq. (10) can be evaluated to yield the area—averaged mass—flow rate:

- 1 .
E= Efo E(x)dx=0.02620 %/, Re; ?/°u, z{/°L~1/®, (14)

The coefficient 0.0262 is quite close to Sutton’s value 0.0277. The numerical value
obtained depends on the von Karman constant, the value used here is k = 0.40. For the
turbulent Schmidt number, Sutton chose the value o= 1. In contrast to Sutton’s model,
the solution obtained from the integral formulation yields aso an estimate of the
thickness of the concentration boundary layer 5.(x) with elementary algebra.
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2.3. Present integral model

The approximate profiles for velocity and concentration, which are required for the
integration of the height—averaged differential equation for the convection—diffusion
problem, Eg. (9), are identical with those used by Brighton [7]. The profile for velocity
is given by Eqg. (4) and the profile for concentration by Eqg. (7).

The term B is discussed in Section 2.1. Since the concentration profile includes the
molecular diffusion processes in the laminar sublayer as well as the turbulent diffusion
described by K’ (Section 2.1), it represents a reasonable approximation for the whole
height of the concentration boundary layer. The boundary conditions are accordingly
c = ¢, at theliquid surface or inner edge and c(z= 8,) = ¢, = 0 at the outer edge of the
concentration boundary layer. If the evaporating component is present in the outer field,
c=c, # 0. Inthis case, a new variable ¢ = ¢ — ¢, is defined.

In the ‘exact’ anaytic solution of Brighton [7], the logarithmic velocity profile was
approximated by a power law given in Eq. (5).

The value of the reference height z, should be related to the thickness of the
concentration boundary layer. It will be discussed later. The values n and u, are
determined by the requirement that the power law should be a suitable approximation to
the logarithmic velocity profile at height z;:

i
and:
e (16

Eq. (16) is substituted into Eq. (5) to obtain:

u 1(z\" .
u,] «knlz) - (17)
Since Eq. (7) is not well suited for an analytic integration over the relevant height of
the convection—diffusion equation, an approximation is also required for the concentra-

tion field. By combining Eqg. (4) with Eq. (7), one obtains a concentration profile which
is consistent with the velocity profile:

¢ 1 = . 18
JR— = — + s
Cs c.u, 7 u, p (18)
and with the approximation Eq. (17) for u:
C n
—|=1-FE|lo—|—]| + here E/ = 19
( Cs) 7 KN ( Zl 'B where S ( )

In order to obtain a suitable approximation for the concentration boundary layer, z, is
set equal to the thickness 6, of the concentration boundary layer at the end of the pool.

z,=6,x=L).



J.P. Kunsch / Journal of Hazardous Materials 59 (1998) 167—187 175

(The mean value z; = 0.55, (x= L) would be more accurate, but the effect on the
final numerica result is small).

The value of n is unknown a priori, but the value n=1/7, from the power law for
the velocity, can be taken as afirst approximation, as &, is unknown in the first iteration
step. A better value of n can be obtained from Eq. (15) in a subsequent step.

The boundary condition ¢ = c, = 0 isvalid at the outer edge z= §, of the concentra-
tion boundary layer. On using this condition in Eq. (19), which is solved for E’, one
obtains:

n -1

E = +B (20)

o [ 6,
kn\ z;

The boundary condition c(z=0) =c, at the liquid surface or inner edge of the
boundary layer is not correctly accounted for. In effect, it is shifted from the liquid
surface z= 0 to a finite but small z-value, producing a small error. This error in the
concentration profile near the wall has little effect on the final result for two reasons: (a)
the approximation of the logarithmic velocity profile by means of a power law is not
very accurate in the vicinity of the wall anyway (likewise true for the ‘exact’ solution of
Brighton), and (b) the convective contribution in the neighbourhood of the wall is
negligible. Also, the mismatch of the concentration gradient dc/0z at the outer edge of
the concentration boundary layer z= §,, which cannot be correctly accounted for, is a
weak point here, as in other integral boundary-layer solutions using power-law profiles.
The successful comparison of the results obtained, by the present model with those of
Brighton, supports the validity of the assumptions made.

The convection—diffusion equation in integral form, Eq. (9), can be written in the
non-dimensional form:

(ﬁ)if(5°/zl)(i)(£)dz=€, (21)
z,) dx' /g u, J\cg
when the dimensionless variables X' = x/z, and Z = z/z, are introduced. The coordi-
nate x is nondimensionalized by the roughness length z,, which is assumed constant for
the problem considered, in accord with Brighton. The definition of Z' is aso in accord
with Brighton; z, corresponds approximately to the thickness of the concentration
boundary layer.
The ratio (z,/z,), from Eg. (15), can be substituted into Eq. (21) to give:

d sz U\[C
1/n_ /N N ZdZ =F. 22
irra) (u)(c) ? ()

S

The profiles Egs. (17) and (19) are now substituted into the integrand of Eq. (22).
Upon evaluation, one obtains:

1 d [E’(E) }:ElwithqzKzn(1+n)(1+2n). 23

C, dx z, ae’/"

The differential equation Eg. (23) and the algebraic equation Eqg. (20) can be solved
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for the unknown dimensionless mass-flow density flux E' and the boundary-layer
thickness 8,. The solution procedure, which is based purely on algebraic operations, can
be found in Appendix B.

The solution for the thickness of the concentration boundary layer is:

1

5 1
(—°) =(C,C,x) " WithCy =1+ = .
z 21+n

n

(24)

When this result is substituted into Eq. (20), the mass-flow density flux E' can be
obtained:

n -1

1+2n

E = (25)

o )
B+ —(C,C,X)
KN

The concentration boundary-layer thickness, normalized by the known roughness
length z, is:

0 Z,\[ 6,

1
C n
(2] (2] -ereen™. )
where (z,/z,) is provided by Eq. (15) and (5,/z;) by Eq. (24).

Now the estimate of the power n can be improved. The first approximation of n will
be denoted by n,. The logarithmic profile Eq. (4) for the velocity field is approximated
by the power law of Eqg. (5). In order to describe the convective transport of the
evaporated fluid adequately, the power-law approximation should be valid over the
height of the concentration boundary layer. This is achieved when z, corresponds
approximately to the thickness of the concentration boundary layer at the downstream
edge of the pool 8, (x=L).

An improved value of z, corresponding to 8, (x=L), denoted z,, can be
obtained when X' is set equal to L in Eq. (26), i.e.,

(zw)z(ac<x=u l

1+2n,
z z ’

0 0

) = e/™(C,C,L) (27)

When (z,,,,/2,) is substituted into Eq. (15), an improved value of n is obtained:

1 Zinew 1 1 ]
—=lIn =—+ In(C,C,L') with n,=1/7. (28)
n zZ, n, 1+2n,

Thevalues of n at both extremes of the range considered here are n(L' = 10%) = 1/4.5
and n(L' =107) = 1/11.6. The calculations documented in Figs. 2 and 3 are based on
the values of the power n given by Eq. (28) (one iteration).

The dimensionless mass-flow rate, averaged over the pool area, is:

B , 1 S 1+2n
E-2 [ Edx- =]
4 0 UCl Z;

: (29)

X =L
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Fig. 2. Area—averaged dimensionless mass—flow rate for the evaporation above a hydrodynamically smooth
surface (Parameter Sc = 4; 2; 1; 0.5; from the left to the right) ‘exact solution’ of Brighton [7]: ---, numerical

solution by means of the integral formulation: — - —, approximate analytic solution of the integral formulation:

(Eq. (30)), numerical values of Reijnhart et al. [12]: O ——— O, (Parameter Sc = 1.7; 1.4;
1.0; from the left to the right), experimental values of Reijnhart and Rose [11] (Sc=1.7): @ @.

where the integrand E’ is given by the LHS of Eq. (23). The initial condition that the
concentration boundary layer starts at the upstream edge of the poal, i.e. §.(x' =0) =0,
has been used here.

The dimensionless area—averaged mass—flow rate Eq. (29) can be rewritten, when
Egs. (24) and (25) are substituted into Eq. (29):

= Ca

n

. (30)
g 1+2n

B+—(CC,L)
KN

with the power n given by Eq. (28).

The mass-flow rate, averaged over the pool area is now E = E'u, ¢, = k,,c, where
k., is the mass-transfer coefficient.

The area—averaged dimensionless mass—flow rate, as obtained by means of the
compact expression Eg. (30), can be compared to the area—averaged dimensionless

177
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Fig. 3. Area—averaged dimensionless mass—flow rate for the evaporation above a hydrodynamically rough
surface (Parameter Rel/ 2Sc = 100; 50; 20; 10; 5; 2; 1; from the left to the right) *exact solution’ of Brighton
[7]: ---, numerical solution by means of the integral formulation: — - —, approximate analytic solution of the
integral formulation: ———— (Eq. (30)), numerical results of Reijnhart et al. [12]: A
correlations of Brutsaert [1] (evaporation pans): O

A,
O O.

O, correlations of Brutsaert [1] (lakes):

mass—flow rate, determined by means of Brighton’s model, for the hydrodynamically
smooth case (cf. Fig. 2) as well as for the hydrodynamically rough case (cf. Fig. 3). The
discrepancy is always less than 10% In case of a fixed power n=n,=1/7, instead of
the improved value given by Eq. (28), the discrepancy can exceed 20% (for Sc= 0.5
(hydrodynamically smooth surface) and for Rel/?Sc=1 (hydrodynamically rough
surface)).

A comparison with the most recent experimental and theoretical data for evaporation
of single component liquids, as already presented by Brighton, is shown in order to give
an idea of the accuracy of the present model. The main features of the different
approaches will be resumed here. The experimental data of Reijnhart and Rose [11] (Fig.
2 @@@®, Sc=17) for smooth surfaces were obtained in a wind tunnel. They
provided numerical values for u, and achieved a fully developed logarithmic boundary
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layer, two prerequisites for a reasonable comparison to the present model or that of
Brighton. Both requirements are generally not met in most experiments reported in the
literature. The numerical solution of Reijnhart et al. [12] (Fig. 22 O a,
Sc = 1.0; 1.4 and 1.7) for solving the convection—diffusion equation, with allowance for
molecular effects near the wall, is based on physical arguments similar to those of the
present model.

The numerical results from Reijnhart and Rose [11], using the Reijnhart et al. [12]
model for rough walls, with no allowance for molecular diffusion at the wall, correspond
to the following value of the parameter Rel/?Sc = 0.34 (Fig. 3: a A). The
correlations for large evaporating surfaces, like lakes, (Fig. 3: O O) and for
small evaporation pans (Fig. 3: o 0), given by Brutsaert [1], are based on his
recommended value z,=228x 10"* m. The discrepancies observed have to be
considered in the light of the scatter of the original data used by Brutsaert [1]. The
existence of a roughness change from the shore to the evaporating surface has also been
ignored in the present model. In order to render a comparison possible, Brighton
assumed a typical wind speed of 5 m/s at height 10 m, yielding Re,=2.8 and
Rel/2Sc = 1.0 under these conditions.

When the vapour pressure of the fluid is high, the normal velocity at the pool surface
is considerable and the convective contribution to the vertical mass transfer cannot be
neglected. With the boundary condition, stipulating that no air penetrates into the pool
(one-sided diffusion), the dimensionless mass-flow rate at high vapour pressure (cf.
Refs. [7,13]) can be obtained:

where p is the total pressure and p, is the vapour pressure.
The area—averaged dimensionless mass—flow rate can be written accordingly:

R p
Ep=—E—In(1—?V) (31)

\%

where E' is given by Eq. (30). The area—averaged mass—flow rate E is:

E,=c.u, E, = cky. (32)

2.3.1. Dependence on pool length (comparison with Sutton)
The dependence of the area—averaged mass—flow rate E on the pool length L will be
analysed next. Eq. (30) yields:

_ _ C,
E=c.u, E=cyu, . (33)

g
+—(C,G, L)
B+ —(CC,L)
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B in the denominator can be neglected if the length of the pool L = % > o6 (557) =
It follows:

Ez(l_/)1+2n. (34)

With n=1/7, Sutton’s well known dependence on pool length is recovered as a
particular case (see Eq. (14)). It follows that the validity of Eq. (34), adopted by Mackay
and Matsugu [14] and many other authors as a basis for empirical or numerical models,
is restricted. The neglect of B would be equivalent to the neglect of the laminar
sublayer.

2.4. Heat transfer

A convection—diffusion equation for the temperature field, analogous to Eq. (1), can
be formulated in case of heat exchange with the ambient [9]. The solution Eq. (30) can
be adopted accordingly for the area—averaged dimensionless heat-flux:

_ C
E;] = 2 n ’ ( 35)

Oh N1t2
Bn+ E(C1C2L) e

and the dimensional area—averaged heat-flux:

_ _ c,
EthCpU*(Tw_Ts) E,h= n pCpu*(Too_Ts)7 (36)

oy . 1t2n
Bh+ E(Clczl-)

1+2n

or, in compact form, in terms of the heat-transfer coefficient ki,:
Eh =ky(T. = Ty). (37)

B, corresponds to the 8 of Eq. (7) where the Schmidt number Sc has to be replaced by
the Prandtl number Pr. There is still some discussion about the best value of the
turbulent Prandtl number o, with proposed values ranging from 0.74 to 1.0 [1]. A value
for the turbulent Prandtl number o, = 0.85, which is consistent with the turbulent
Schmidt number used by Brighton, is considered to be reasonable.

2.5. Heat balance of the pool

A genera formulation of the heat balance of a pool is given by:

dT. . .
m/c/d—ts = —E lo+E,+ A, + G A, (38)

where m, is the mass of the pool, ¢, its specific heat, E,r, the loss of heat due to
evaporation, E,, the heat addition from the wind or airflow, gA, the heat addition from
the ground and g A, the heat addition by radiation. The system attains an equilibrium



J.P. Kunsch / Journal of Hazardous Materials 59 (1998) 167—187 181

state when the heat needed for evaporation is balanced by the heat gained from the
airflow. In this case, the heat balance of the pool Eg. (38) yields, in terms of the
area-averaged quantities:

0= —E,r,+E,. (39)

The expressions in Eq. (32) for E, and Eq. (37) for E, can be substituted into Eq.
(39) to obtain:
1 k,
_k_(Too_Ts) = Cs. (40)
e m
It has been assumed here that no radiation is present and that the pool temperature is
equal to the temperature of the ground. When the vapour pressure is low and when the
molecular Schmidt and Prandtl numbers are equal (including the case when the turbulent
Schmidt and Prandtl numbers are assumed to be equal, i.e. o= o), a well-known
formula, e.g., used in psychometry, is reproduced [15]:

PCp

(Toc - Ts) = G- (41)
e
When the airflow over the pool is purely laminar, one obtains for nonegqual Schmidt
and Prandtl numbers:

0o (017 T.-T,
o) en-e (42

This expression, often generalized to the turbulent case, does not account for the
laminar sublayer, in contrast to Eq. (40a).

Both the left and the right hand side of Eq. (40) can be represented graphically as
functions of the temperature T,. The temperature at the equilibrium point is found by the
intersection of the (near linear) contribution of the left hand side with the concentration
at the saturation point c, = c{(T,) of the right hand side. It is noted that c; is large for
volatile fluids with high vapour pressure, so that the pool can cool down considerably.
In this case, heat transfer from the ground becomes important. The temperature, the
vapour pressure and the evaporation rate will depend strongly on time when the initial
temperature of the pool is near ambient or higher (Wren et a. [4]).

2.6. Summary of the procedure

When Eq. (30) is substituted into Eq. (31), which in turn is substituted into Eq. (32),
the calculation of the area—averaged mass—flow rate can be reduced to the evaluation of
the two expressions Eq. (43) and Eq. (28):
= p Py C ,
Ep=—csu*—ln(1—? 2 — =k.¢. (L'=L/z),

\

o
B+ —(C,G,L) e

KN
(43)
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with:
k*n(1+n)(1+2n) 1 n
2" 2140’

The power n=n,, , is given by Eq. (28a), which is written in a form suitable for an
iterative procedure:
1 1

=—+
., N 1+2n

1 a_el/n

In(C,C,L), (28a)

with the starting value n, = n,= 1/7. Numerical experiments show that one iteration is
sufficient.

The total mass-flow rate is E, = AEp with the surface of the pool A= Lb and its
length L in the streamwise direction.

The calculation of the heat-flux averaged over the surface area of the evaporating
pool can be calculated in an analogous manner with Eq. (36):

E, = pcou. (T. - T)E,

C
= 2 n PCpU* (Toc - Ts) = kh(Tso - Ts)’ (36&)

Oh N1t2
Bn+ E(C1C2L) e

with n=n,,, given by Eq. (28a).
When the system has attained an equilibrium state, the temperature at the saturation
point T, is given by Eq. (40):

1k,
_k_(Tw _Ts) =Cs(Ts)' (4061)

re m

3. Discussion

The present work is focused on an integral model for solving the height-averaged
convection—diffusion equation. One main objective is to develop a simple solution of the
convection—diffusion problem and a second objective is to show the potential capabili-
ties of the integral approach in general. In this approach, the equations are integrated
over the thickness of the concentration boundary layer thereby reducing the number of
independent variables by one. Results of the present model are compared to those
obtained with Brighton's model in Figs. 2 and 3. Brighton’s model is considered as a
reference here since it has been validated by comparison with carefully compiled
experimental data. Fig. 2 is related to the hydrodynamically smooth case with the
Schmidt number as parameter and Fig. 3 to the hydrodynamically rough case with
Rel/?Sc as parameter. The good agreement between the numerical solution (Appendix
A, Eq. (B8), obtained by means of the Runge—K utta procedure) and Brighton's ‘ exact’
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solution confirms the approximations and simplifications made in the present integral
model.

A feature of the integral model, not encountered in Brighton’s model, is related to the
approximation of the concentration profile. The chosen profile, required for the integra-
tion of the height-averaged convection—diffusion equation, does not account for al the
boundary conditions correctly. Comparison with Brighton’s more rigorous mathematical
approach shows, however, only a minor loss in accuracy of the present approximate
approach. It can be concluded that the concentration profile, used in the present integral
procedure and which accounts for the laminar sublayer by means of the parameter B, is
approximated adequately.

Brighton's estimate of the boundary-layer thickness is based on Batchelor’s model
with continuous line sources (cf. Brighton [7]). The present model, in contrast, allows
the determination of the thickness of the concentration boundary layer. A new power n
for the velocity profile can be derived, which is consistent with the model, yielding an
improved approximation to the logarithmic profile over the thickness of the concentra-
tion boundary layer.

The approximate analytic solution differs somewhat more from Brighton’'s ‘exact’
solution. The accuracy could be improved by extending the analytic solution to higher
order, but the additional effort at the expense of ssimplicity and physical insight is hardly
justified in light of the uncertainties in the parameters defining the problem (roughness,
etc.).

In conclusion, the integral approach, which includes the possibility of estimating the
thickness of the concentration boundary layer, provides a more intuitive, in some ways
conceptually simpler, view of the problem than a mathematically more rigorous ap-
proach. The simplicity of the results obtained by means of the present approach comes at
the expense of the numerical accuracy, but the compactness of the corresponding
analytical expressions (see Section 2.6) meets the requirements of producing quick and
reliable estimates for safety studies.

Appendix A

A "heuristic’ representation of the two-layer model for the velocity and the concentra-
tion field, including a laminar sublayer and a turbulent logarithmic boundary layer is
given in this appendix.

The fully turbulent region, at a certain distance from the surface, can be described by
means of the eddy viscosity K = ku, z, which after integration of 7= pKou/9z, yields
the well-known logarithmic velocity profile [8]:

u(z)=u7*ln(z—zo), (Ala)

where z, is an integration constant, called roughness length. In dimensionless form:

u+=(i):£,n(i)_ (Alb)

u, Kk \Z
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7 fully turbulent
logarithmic layer

viscous s4blayer

zu
Zs =i zs =%

Fig. 4. Two-layer representation of the velocity field and of the concentration field.

When the mass-flow rate of the evaporating liquid is E= —K'dc/dz, with the eddy
diffusivity K’ describing the concentration field (K’ = K /o, with the turbulent Schmidt
number o ), one obtains in an analogous manner a logarithmic concentration profile (see
Brutsaert [1] or Schlichting [8]).

e ol 2] 2

KU, Z,, KU, z,

+1In

i)} (A2a)

ZOV
where the integration constant z, is designated vapour roughness length. In dimension-
less form:
c.—C o z
ct=——=—In|— . (A2b)
( E/u * ) K ZOV
When the Schmidt number is (close to) unity, the scaled velocity and concentration

fields are similar. If the upper edge of the viscous sublayer is denoted by z, one
obtains:

1
ug = —In(é), (Alc)
k1%
and:
c§=gln(é), (A2c)
K ZOV

where the subscript s denotes the quantities at the upper edge of the viscous sublayer
(Fig. 4). In this simplified representation of the velocity and concentration fields, the
transition layer, where both turbulent transport and molecular diffusion are present, has
been neglected (dashed line in Fig. 4). The viscous sublayer is ‘ patched’ to the fully
turbulent logarithmic layer at height z=z,. z, can be eliminated from Eq. (Alc) and
Eqg. (A2¢) to yield:

Z,

(2] - (e - ow) - S prsore,). (A3)



J.P. Kunsch / Journal of Hazardous Materials 59 (1998) 167—187 185

Eg. (A3) can be substituted into Eq. (A2a) with the result:

(o E |[o z
—=1- —In|—
Cs cu, |k \z

+8. (A4)

For Sc > 1, the molecular diffusion sublayer is contained inside the viscous sublayer
of the velocity field. Empirical correlations, analogous to Eq. (A3), have been set up for
Schmidt numbers deviating from unity. They are universal and depend on the Schmidt
number only [1].

Note: Sometimes z is replaced by (z— d,), which is equivalent to a shift in reference
level. The d, is called a (zero-plane) displacement height (Brutsaert [1]).

Appendix B

The differential equation Eq. (23) and the algebraic equation Eq. (20) can be solved
for the unknown dimensionless mass-flow density flux E and the boundary-layer
thickness §..With the substitution:

1

E _ I—ler 2n (Bl)
z '
Eg. (23) can be written:
L d ET E B2
G ax ET1=E (B2)
and Eq. (20):
n -1
g
E=|—TI"""+p (B3)
KN

E' of Eq. (B3) can be substituted into Eq. (B2) to obtain:

—1
1 d r
C, dx a

The differentiation on the LHS of Eq. (B4) is performed and the dependent variable
I' and the independent variable X' are separated to give:

n -1

o
E1—vl+2n +B

n

o
EFM—ZH +,B

(B4)

n

(yF)l+2n+1 o 142n
o d(yr)=Cld(yX’)Withy=( ) "o (B5)

s knB
(y[) MR |

The equation can be integrated starting at X' = 0 (the beginning of the concentration
boundary layer) with §(x=0)=0,i.e, I'(X =0 =0, or (yx)=0: (yI')=0.

1+n
1+ 2n
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An approximate analytic solution can be obtained because the integrand in Eq. (B5)
is close to unity in all cases.

1. Inthe limit I'— 0, the integrand in Eqg. (B5) is unity and the solution is I'= C, X'.
2. Inthelimit I'— o, the integrand in Eq. (B5) tends towards (1 + n) /(1 + 2n) and the

solution is I'=C,[1+ n/(1 + n)]X'.

The solution of interest lies between these two extremes. The average of the two
preceding extreme conditions can be considered as an approximation:

1 n
1+ =

21+n
valid for the whole range of I'.

This solution is confirmed by a perturbation analysis where (yI") is expanded with
respect to the small parameter £ =n/(1+ 2n). The difference between the resulting
expression for I and Eq. (B6) is small of order n?.

It has been confirmed by numerical integration of Eq. (B5), for two representative
values of n (i.e, n=1/7 and n=1/3) that the relationship is aimost linear for the
range of x' of interest (0 <x < L/z). The thickness of the concentration boundary
layer can be obtained when Eq. (B6) is substituted into Eq. (B1):

r=c,

X, (B6)

1

O Ton

(—)=<QCﬂd“2- (B7)

Z

Eg. (B5) can be written in aform suitable for a numerical integration (Runge—Kutta):
dr (v +1

ax 9T, — (B8)

F 1+2n+1
1720

The integration is performed with respect to the independent variable x' because its
range is well defined, i.e, X =0+ L. By integration, one obtains I'(x') and in
particular I"(L). Eq. (B3) yields E'(L).
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